Radiation from the extremal black holes 
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Abstract 

The radiation from extreme Reissner-Nordstrom black holes is computed by explicitly 
considering the collapse of a spherical charged shell. No neutral scalar radiation is found but 
there is emission of charged particles, provided the charge to mass ratio be different from 
one. The absence of thermal effects is in accord with the predictions of the euclidean theory 

l/^ I but since the body emits charged particles the entropy issue is not the same as for eternal 

0^ ■ extreme black holes. 
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Q . 0.1 The shell equations 

I As was explained in (see also Ref.s ^ ^]), the equations of motion of a collapsing charged 

spherical shell can be deduced by relating the discontinuity of the metric across the shell with 
the surface energy density in the shell. For an extremal shell, let be the proper mass and M 
the total gravitational mass of the shell and let us introduce the abbreviation 

O ■ M^-M"^ 

lO ! The exterior metric is the extremal Reissner-Nordstrom metric 

qh, r"' (r — My 

5-H . and the interior is flat Minkowski space. The shell position is specified by r = R{t), t = T{t), 

where r is the proper time along the shell history. The equations of motion are then 
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A simple, but important, consequence of the equations is that if M > Ai, then the shell radius 
has a turning point at Rt = {M + Ai)/2 < M which is a minimum radius. Therefore it reaches 
the horizon value R = M, and the shell disappears from sight by forming a future event horizon. 
However it subsequentely bounces and expands by forming another asymptotically flat region 
with a past horizon, and singularities are not formed. The important region for us will be the one 
containing the future event horizon. Although the equations of motion are exactly integrables, 
we only need the asymptotic expansion of the functions R{t) and T{t) near the horizon. More 
precisely we need the advanced time v of the shell as a function of the retarded time n, namely 
the relation v{u) near the horizon to leading non trivial order. We found 

R = ao + aie + a2e'^ + 0{e^), e = R-M (0.3) 

t = 6_2e"^ + h^ie-^ + 6o + 0{e) (0.4) 

where the exact form of the coefficients is left apart, as the really important fact is that both 
ao and 5_2 are non vanishing. The advanced/retarded coordinate times are respectively t it r*, 
where 

r* =r + 2M log(r - M) - - — — (0.5) 
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shows the characteristic first order pole of extremal black holes. From the equations it now 
follows that v{u) remains finite on the horizon while u diverges to infinity. Therefore 

v{u) =vi- Cu"^ + 0(1/ log u), M ^ oo (0.6) 

where vi is the value of advanced time that marks the birth of the black hole and C is a positive 
constant depending on M and A4. This remarkable behaviour is to be contrasted with the non 
extreme black hole, where v{u) approaches vi exponentially fast in retarded time. This can be 
traced back to the first order pole singularity that controls the behaviour of r* near the horizon 
in contrast with the logarithmic singularity of the non extreme case. 

0.2 Quantum theory 

The asymptotic behaviour just discussed will have the consequence that the phase of a positive 
frequency ingoing mode from past infinity will be red shifted at a much a lower rate than for 
non extremal black holes. Indeed, it is pretty straightforward to deduce the asymptotic form of 
such a mode near the event horizon, when the black hole is about to form. Precisely we have: 
let Pjuj be a positive frequency solution of the charged Klein-Gordon equation in the collapse 
geometry of the infalling shell which is ingoing from past infinity and therefore (j standing for 
{l,m) from now on) 

g^^Va + ieAa)(yb + ieA^)Pju. - ni^Pj^,e = (0.7) 

Pj^,e = (47rcu)-i/V-iy,(0, 0)i^,^(r)e-*'^^ (0.8) 
with Rjuj{r) ~ 1 for r oo. Then, asymptotically for large u and r — > M we have 

Pj^^e ^ {AT:uj)-^'^r-%{e, 0) exp(iwC7n-i)e-*'^^* " 1^1 

where e is the charge of the field in the units G = c = Ti = 1 that we are using. The quantum 
field 

/•oo 

'^ = EX ^^[^^-^:^-.- + ^jl^-,-e] (0-10) 

is assumed to be in the \in > vacuum state relative to the above decomposition. In order to 
discuss the particle content at future infinity, we should expand the in-mode into positive and 
negative frequency waves of the kind exp(ibza;u), namely wavelets which are purely outgoing 
to infinity. This is a rather delicate matter. Considering Eq.( |0.9| ) as an holomorphic function 
of u in the lower half complex u-plane, we argue that the Fourier expansion of Pj^ can only 
contains the factors exp(— iwu), which just share with Pj^ the same holomorphic property. We 
immediately conclude that there is no neutral scalar radiation at infinity from an extremal black 
hole (no negative frequency components). However, for charged fields things are differents due 
to the superradiant phenomenon. Indeed, in the extended Reissner-Nordstrom geometry the 
radial outgoing waves from the past horizon have the asymptotic behaviour [^j 

Rjuj^ < ^ . . , \uj\>m (0.11) 

i Bj,e (w)e*'^^ r* ^ oo 

which defines the reflection and transmission coefficient of the potential barrier sorrounding the 
black hole. One defines similar reflection-transmission coefficients for ingoing waves from past 
infinity. One has then the unitarity relations 

uj Bj,e (uj) = {uj- ae) Bj,e (w), (w - ae)\ Bj,e (w)P = w[l - I Aj,e (w)P] (0.12) 



From Eq.( p.ll ), a positive frequency wave packet at the horizon containing the factor exp(— zwu), 
arrives at infinity with the time dependence exp[—i{ij — ae)u]. This is holomorphic in the lower 
half complex n-plane if w — ae > 0, but is holomorphic in the upper half complex n-plane if 
uj — ae < 0, which is just one super radiance condition. Therefore the wave packet could have 
a negative frequency component at infinity which just corresponds to particle emission in the 
quantum theory. 

We now show that this is actually the case. Let u G (D such that —1 < Heu < 1/2 and 
Jy{z) the Bessel function of order v. Then 



iu> u^^ y/^j^(2V^)dw = J^^^ exp ( ^ ) e{u) (0.13) 



By forming a wave packet one can easily shows that the limit v ^ —1 can be safety taken. This 
means that in the distributional sense we have 

'''{J)-^''^J-i{2V^)d{J)duj' =u-^l^exY> 0{u) (0.14) 

This equation, combined with Eq.( 0.11| ), can be used to propagate the in- mode Pju),e to future 
infinity. Indeed, each monochromatic component in Eq.( p.l4 ) will tunnel through the potential 
barrier sorrounding the black hole, by carrying the amplitude Bj,e (<-^') to infinity (see Eq.( p.li )). 
We found 



+ ^= / e^'^ "J_i 2^uj{-ae - J) Bj^^^ )^ ,. (0-15) 
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and we can see the presence of a negative frequency component, provided ae < 0. Similarly, a 
negative frequency in-mode will have a positive frequency component at infinity if ae > 0. By 
following the usual procedure Q, the Bogoljubov coefficient responsible for (charge e) particle 
creation can be found easily from Eq.( p.l5 ) 
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^ J-i \ 2^uj{ae - w') j e (w )6'(o-e - w ) (0.16) 

on using Eq.( p.l2 ). Since a is the sign of Q, the black hole will only emit particles having the 
same sign as Q and the black hole will tend to discharge. Moreover one has 

^]j.,e^3^^'^,ed^ = -[1 - I %,e (^')lXpe - J )b(J - J) (0.17) 

by using Eq.( 0.12| ) and the completeness relation for Bessel functions. Prom this we obtain the 
luminosity of the hole as 

1 rpe <_ 

L = -—J2 [1-1 Aj,e {uj)\^]iodu; (0.18) 

and the rate of charge loss as 

Q = eJ2 - \ Aj,e ico)\^]dLO (0.19) 
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Remarkably, this is the formula which holds for non extreme black holes in the limit of zero 
surface gravity, regardless the lack of continuity in the asymptotic form of the solutions. The 
thermodynamic potentials of black holes are indeed continuous functions of the black hole pa- 
rameters, nevertheless the entropy is discontinuous in their extreme limit as extreme black 
holes have zero entropy but non zero horizon area. Continuity arguments were also used in |^] 
to argue the break down of thermodynamics description of extreme black holes. We point out 
that the luminosity of charged extreme collapsing shells is the zero temperature limit of the 
luminosity formula for non extreme black hole, and in this sense their temperature vanishes. 
However, due to emission of charged particle these objects evolve more likely toward the non 
extreme solutions and in this sense their entropy raises to non zero values. 

Another interesting observation is that the luminosity and charge loss both vanish for par- 
ticles with charge to mass ratio is unity. So the only possibility for an extremal black hole to 
be stable under quantum emission seems to be the non existence of particles with e/m 7^ 1. 
Therefore the black hole will evolve toward the non extreme sequence, and the issue of extreme 
black hole entropy looses its meaning in the present contest. It is only for eternal extreme black 
holes that the issue remains [0, ^. On the other hand, the non extreme charged shell almost 
invariably form a singularity and there is both thermal emission and geometric entropy. The 
entropy problem may thus be connected with the formation of singularities, rather than with 
the formation of horizons. 
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